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1. INTRODUCTION AND PRELIMINARIES 
Since Fan has generalized KKM theorem, numerous applications of this theorem have been found. 
Fan’s theorem is now becoming a very versatile tool in nonlinear analysis, such as fixed point, 
variational inequalities, see [2-71. Fan’s theorem was used in (3,8,9] to prove fixed point and 
minimax theorem in topological vector spaces. Ha [1,2] has given generalization of Fan’s theorem 
and Fan’s minimax inequality. In this paper, we obtain a new theorem by relaxing closed condition 
of sets of [l, Theorem 31. From this, we give some new Fan’s minimax inequalities and minimax 
theorem. Our main result is the following Theorem 2. 
Let X and Y be topological spaces. By a set-valued mapping f defined on X with values in Y, 
we mean that to each point z E X, f assigns a unique nonempty subset f(z) of Y. f is called 
upper semicontinuous if for each open subset G of Y, the set, {z E X : f(x) c G} is open in X. It 
is easy to show (e.g., [lo]) that if Y is a compact Hausdorff and if f(z) is closed for each z E X, 
then f is upper semicontinuous if and only if the graph ((2, y) E X x Y : y E f(z)} of f is closed 
in X x Y. We first cite a lemma in [l] which will suit our purpose. 
LEMMA 1. Let E be a Hausdorff topological vector space and K c E be a compact convex 
subset. Let Z be a n-simplex. If q is a upper semicontinuous set-valued mapping defined on Z 
such that q(x) is a nonempty closed convex subset of K for each x E 2, and if P : K - Z is a 
(single-valued) continuous mapping, then there exists x0 E Z such that ~0 E P(q(z0)). 
Our result is as follows. 
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THEOREM 2. Let E and F be Hausdorff topological vector spaces, let X c E and Y c F be 
nonempty convex subsets, and let A c X x Y be a subset such that 
(a) for each z E X, the set {y E Y : (z, y) f_ A} is convex, or empty, 
(b) for each y E Y, there exists a closed subset X, c X such that set {z E X : (s, y) E 
A} c X,. 
Suppose that there exists a subset B of A and a compact convex subset K of X such that B is 
closed in X x Y, and 
(c) for each y E Y, the set {z E K : (z, y) E B} is nonempty and convex. 
Then 
n X,nK#0. 
I/- 
REMARK 1. The above theorem has a weaken closed Condition (b) as compared with [l] and is 
a new result. 
PROOF. Suppose that the assertion of the theorem is false. That is, if &yX, c X \ K, we 
prove that there exists 20 E K such that 
(~0) x Y c A, (1.1) 
or else, for each y E Y, let A(y) = {z E X, (z, y) $ A}. Th en f or each z E K, there exists y E Y 
such that (z, y) 4 A, namely, z E A(y). By A(y) = X \ {z E X : (z, y) E A} and Condition (b), 
A(y) > X \ X, = Vu, V, c X can be an open subset, and UyEyVy = X \ $,,yX, > K. 
Thus, since K is compact subset, there exists a finite subset {yr, ~2,. . . , yn} of Y such that 
K c UzrV,,. Let or, 02,. . . , a,, be a continuous partition of unity on K subordinated to the 
cover Vvi (1 5 i I n), that is, (~1, (~2,. . . , a, is a nonnegative real-valued continuous functions 
on K such that for each 1 < i < n, cri vanishes on K \ Vvi and CL, ai = 1, for all 2 E K. 
Let us define a mapping P : K + Y by P(z) = cy=, cui(z)yi. For z E K and any index i, if 
ai > 0, then 2 E A(yi) and so (z, yi) $= A. By ( a ), we have (2, Cyzl a+(z)yi) 4 A. Hence, for 
all z E K, 
(~~45)) 4 A. (1.2) 
On the other hand, let 2 be the convex hull of the set {yr , ~2,. . . , yn} in Y. We define a 
set-valued mapping q on 2 with values in K by q(z) = {z E K : (x,2) E B}. By (c), q(z) is 
nonempty and convex for each z E 2. Since B is closed in X x Y, each q(z) is closed in K and the 
graph of q is closed in 2 x K; thus q is an upper semicontinuous set-valued mapping defined on 2. 
Since P is continuous by Lemma 1, there exists zs E 2 such that zo E P(q(zo)), if 20 E q(zo) is 
such that P(Q) = ~0; then (~0, P(Q)) E B c A, which contradicts (1.2), hence, (1.1) is true. 
But this contradicts n,eyX, c X \ K again, therefore, we must have n2/EyXar n K # 0. This 
proves the theorem. 
2. MAIN RESULTS 
As an immediate consequence of Theorem 2, we obtain some new minimax theorems and some 
minimax inequalities of Ky Fan. Let X be a convex set in a vector space and let f be a real- 
valued function defined on X. We recall that f is quasiconvex if for any real number the set 
{z E x : f(z) < t} is convex, f is quasiconcave if -f is quasiconvex. Clearly the quasiconvexity 
of f implies that the set {z E X : f(z) 5 t} is convex for any real number t. 
THEOREM 3. Let E and F be Hausdorff topological vector spaces and let X c E and Y c F be 
nonempty convex subsets. If f, g, h : X x Y - R are function such that 
(i) f(z, Y) L 9(x, Y) 15 h(z, Y), for all (5, Y) E X x Y, 
(ii) f(z, y) is lower semicontinuous on X, for each y E Y, 
(iii) g(z, y) is quasiconcave on Y, for each 5 E X, 
(iv) h(z, y) is lower semicontinuous on X x Y and h(z, y) is quasiconvex on X, for each y E Y. 
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Then 
inf sup f(5, y) I inf sup min h(z, y), 
&X yEY Kc~ yap SK 
(2.1) 
where x = {K c X ( K is compact convex subsets of X}. If, in addition, X is compact, then 
PROOF. We can assume that the right-hand side of (2.1) is not fco. Choose a real number t 
such that 
t > inf sup min h(z, y), 
KcR y~y SEK 
let A = {(z, y) E X x Y : g(x, y) I t} and B = ((5,~) E X x Y : h(z,y) L t). Then 
(4 
(b) 
Cc) 
for each x E X, by (iii), set {y E Y : (x, y) $! A} is convex or empty and satisfies 
Condition (a) of Theorem 2, 
for each y E Y, by (i), set{a: E X : (x, y) E A} C set {x E X : f(x, y) L t} = X,, by (ii), 
X, is closed and satisfies Condition (b) of Theorem 2. It is easy to verify that B is closed 
in X x Y, B c A, and for any y E Y, set{x E X : (x, y) E B} is convex, 
let K be a compact convex subset of X such that 
Then for any y E Y, the set {x E K : h(z, y) 5 t} is nonempty and convex. Thus, by 
Theorem 2, 
n X,nK#0; (2.3) 
gEY 
that is, there exists x0 E K such that 
f(Xo,Y) It, 
This shows that 
for all y E Y. (2.4) 
inf sup f(x, y) 5 t, 
&A- yEY 
and hence, (2.1) is proved. 
(2.5) 
We shall establish the following similarities of the proof of Theorem 3. 
THEOREM 4. Let f, g, h : X x Y -+ R be as in Theorem 3. Then for each X E R, one of the 
following situations holds: 
(a) there exists x0 E X such that f(zo, y) I A, for all y E Y, 
(b) there exists yo E Y such that h(x, yo) > X, for all x E X. 
REMARK 2. The condition of Theorem 4 is different from [4, Theorem 6.21, where X or Y need 
not be compact. 
The following three minimax theorems are obtain from Theorem 3 as special cases by taking 
f =g, g=h, f =g=h. 
COROLLARY 5. Let f, h : X x Y - R be two real-valued functions satisfying: 
(9 f(x, Y) < h(z, y), for all (2, Y) E X x Y, 
(ii) f(z, y) is lower semicontinuous on X, for each y E Y, 
(iii) f(z, y) is quasiconcave on Y, for each x E X, 
(iv) h(s, y) : X x Y + R is lower continuous and h(x, y) is quasiconvex on X, for each y E Y. 
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Then, 
inf sup f(z, y) I inf sup min h(s, y). 
SEX yEY KC?? yap SK 
If X is compact, then 
COROLLARY 6. Let f, g : X x Y - R be two veal-valued functions satisfying: 
(i) f(s, Y) 5 g(s, y), for aJl(~ Y) E X x Y, 
(ii) f(z, y) is lower continuous on X, for each y E Y, 
(iii) g(z, y) is quasiconcave on Y, for each z E X, 
(iv) g(z, y) : X x Y - R is lower continuous and g(q y) is quasiconvex on X, for each y E Y. 
Then, 
inf sup f(z, y) 5 inf sup min g(z, y). 
XEx yEY KcX y~~ SK 
If X is compact, then 
COROLLARY 7. Let f : X x Y - R be a real-valued function verifying: 
(i) f(z, y) is quasiconcave on Y, for each 2 E X, 
(ii) f(z.y) is quasiconvex on X for each y E Y, and f(s.y) : X x Y - R is lower continuous. 
Then, 
inf sup f(z, y) = inf sup min f(z, y). 
Sx yEY Kci? yap zEK 
If X is compact, then 
n& s;p f(? Y) = ;:“y n& f(G 51). 
Y 
REMARK 3. Corollary 7, that is, (3, Theorem 41, thus, Theorem 3, Corollary 5, and Corollary 6 
are all the generalization of (1, Theorem 41. 
THEOREM 8. Let E and F be Hausdorff topological vector spaces, X c E, Y c F be nonempty 
convex subsets, and Y be compact. Let f, g : X x Y - R be two real-valued function such that 
(i) f(s, Y) I g(z, Y), for aA (2, y) E X x Y, 
(ii) f(s, y) is quasiconvex on X, for each y E Y, 
(iii) g(z, y) is upper continuous on Y, for each z E X. 
If T is an upper semicontinuous set-valued mapping defined on X such that TX is a nonempty 
closed convex subset of Y for each x E X, then 
REMARK 4. By taking Theorem 8, f = g, one gets 12, Theorem 11. 
PROOF. We can choose a real number t such that 
inf fh Y) > 6 yETt 
let A = {(z,y) E X x Y : f(z,y) L t}, B = {(z,y) E X x Y : y E Tz}, and Yz = {y E Y : 
g(z, y) > t} for each x E X. It is easy to verify that A and Y, satisfy Conditions (a) and (b) of 
Theorem 2, and that B is closed in X x Y and satisfies Condition (c) of Theorem 2 by taking 
K = Y. Thus, by Theorem 2, f&xY, n Y # 0, that is, there exists yo E K such that 
dX,YO> 2 t, (2.7) 
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for all x E X, this show that 
(2.8) 
and therefore, (2.6) is proved. 
By Theorem 8, we can obtain the following corollaries and theorems. 
COROLLARY 9. Let f, g, T be as in Theorem 8. Assume further, that given X E R, we have 
for all x E X. Then there exists yo E Y such that g(x, yo) 2 X, for all x E X. 
REMARK 5. Corollary 9 is similar to the result of [4, Theorem 13.41. 
THEOREM 10. Let E be a Hausdorff topological vector space, X c Y, Y c E be nonempty 
convex subsets, and X be compact. Let f, g : X x Y ---+ R be two real-valued function satis&ing 
Conditions (i)-(iii) of Theorem 8. Then, 
THEOREM 11. Let E be a Hausdorff topological vector space, X c Y, Y c E be nonempty 
convex subsets, and X be compact. Let f : X x Y - R be a real-valued function such that 
(i) f(x, y) is quasiconvex on X, for each y E Y, 
(ii) f (z, y) is upper continuous on Y, for each x E X. 
Then, 
COROLLARY 12. Let f,g : X x Y - R be two real-valued function verifying 
(i> f by) 5 shy), for aJJ (x:,Y) E X x Y, 
(ii) f (z, y) is lower continuous on Y, for each x E X, 
(iii) g(z, y) is quasiconcave on X, for each y E Y. 
Then, 
inf sup f (x, y) I I:{ g(x, Y), 
1/EY ZEX 
1. 
2. 
3. 
4. 
5. 
6. 
7. 
a. 
9. 
10. 
11. 
12. 
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